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EXTERIOR POWERS OF THE REFLECTION
REPRESENTATION IN THE COHOMOLOGY OF
SPRINGER FIBRES
ANTHONY HENDERSON
Abstract. Let H∗(Be) be the cohomology of the Springer fibre
for the nilpotent element e in a simple Lie algebra g, on which
the Weyl group W acts by the Springer representation. Let ΛiV
denote the ith exterior power of the reflection representation of
W . We determine the degrees in which ΛiV occurs in the graded
representation H∗(Be), under the assumption that e is regular in a
Levi subalgebra and satisfies a certain extra condition which holds
automatically if g is of type A, B, or C. This partially verifies a
conjecture of Lehrer–Shoji, and extends the results of Solomon in
the e = 0 case and Lehrer–Shoji in the i = 1 case. The proof pro-
ceeds by showing that (H∗(Be)⊗Λ
∗
V )W is a free exterior algebra
on its subspace (H∗(Be)⊗ V )
W .
1. Introduction
Let g be a simple complex Lie algebra of rank ℓ. Let W denote
the Weyl group of g, and let V be the reflection representation of W .
It is well known that the exterior powers ΛiV , for i = 0, 1, · · · , ℓ, are
inequivalent irreducible representations ofW , each of which is self-dual.
Let e be a nilpotent element of g. The Springer fibre Be is the variety
of Borel subalgebras of g containing e. Let H∗(Be) denote the graded
cohomology ring of Be with complex coefficients; the cohomology lives
solely in even degrees, so H∗(Be) is commutative. We have the Springer
representation of W on each H2j(Be). See [Sho], [Hum, Chapter 9].
Let s (depending on e) denote the multiplicity of the irreducible rep-
resentation V in the total representation H∗(Be). Let m1, m2, · · · , ms
be the multiset of nonnegative integers, listed in increasing order, which
are the halved degrees of the occurrences of V in the graded represen-
tation H∗(Be). That is, we have by definition
(1.1)
∑
j
dim(H2j(Be)⊗ V )
W qj = qm1 + qm2 + · · ·+ qms,
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an equality of polynomials in the indeterminate q.
In the special case e = 0, it is well known thatH∗(B) is isomorphic to
the coinvariant algebra C∗(W ) of W , that s = ℓ, and that m1, · · · , mℓ
are the exponents of W . More generally, if e is a regular nilpotent in
a Levi subalgebra of semisimple rank r, then it was proved by Lehrer
and Shoji in [LS, Theorem 2.4] (see also [Spa]) that s = ℓ− r and that
m1, · · · , ms are the coexponents of the corresponding parabolic hyper-
plane arrangement, in the sense of Orlik and Solomon. See [ST] for
some other related interpretations of these coexponents. For g of clas-
sical type and general e, the numbers m1, m2, · · · , ms were calculated
by Spaltenstein in [Spa, Propositions 1.6–1.9].
Lehrer and Shoji conjectured that, at least in the parabolic case
which they considered, the occurrences of each exterior power ΛiV in
H∗(Be) were also controlled in a natural way by m1, m2, · · · , ms.
Conjecture 1.1. [LS, Conjecture 8.3] Suppose that e is a regular nilpo-
tent in a Levi subalgebra. Then for any i = 0, 1, · · · , ℓ,∑
j
dim(H2j(Be)⊗ Λ
iV )W qj = ei(q
m1 , qm2 , · · · , qms),
where the right-hand side means the ith elementary symmetric polyno-
mial in qm1 , qm2 , · · · , qms, which is defined to be zero if i > s.
The e = 0 case of this conjecture had already been proved by Solomon
in [Sol]; indeed, he proved the stronger statement that the algebra
(C∗(W )⊗ Λ∗V )W is a free exterior algebra on (C∗(W )⊗ V )W .
In Section 2, we prove the following generalization of Solomon’s re-
sult, which implies various cases of Conjecture 1.1.
Theorem 1.2. Suppose that e is regular in a Levi subalgebra of g, and
define s and m1, · · · , ms as above. Also suppose that there is a parabolic
subgroup WK of W such that the following two conditions hold.
(1) There exist invariant polynomials f1, f2, · · · , fs ∈ (S
∗V )W , ho-
mogeneous of degrees m1+1, m2+1, · · · , ms+1, whose restric-
tions to the reflection representation VK of WK form a set of
fundamental invariants for WK.
(2) The nilpotent orbit of e intersects the nilradical of the parabolic
subalgebra pK associated to WK .
(See Section 2 for the definitions of VK and pK .) Then the algebra
(H∗(Be)⊗ Λ
∗V )W is a free exterior algebra on (H∗(Be)⊗ V )
W . More
precisely, the natural algebra homomorphism
ψ : Λ∗((H∗(Be)⊗ V )
W )→ (H∗(Be)⊗ Λ
∗V )W
is an isomorphism.
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Here the domain and codomain of ψ are (N×N)-graded algebras over
C, where the (i, j)-components are
Λi((H2j(Be)⊗ V )
W ) and (H2j(Be)⊗ Λ
iV )W
respectively, and in both cases the algebra multiplication is graded-
commutative with respect to the N-grading labelled by i; the homo-
morphism ψ is induced by the inclusion of the subspace (H∗(Be)⊗V )
W
in (H∗(Be) ⊗ Λ
∗V )W . Since the graded degrees of this subspace are
(1, m1), (1, m2), · · · , (1, ms), the statement that ψ is an isomorphism
implies that
∑
i,j
dim(H2j(Be)⊗ Λ
iV )W tiqj = (1 + tqm1)(1 + tqm2) · · · (1 + tqms),
which is equivalent to Conjecture 1.1.
To illustrate the scope of the assumptions in Theorem 1.2, we prove
in Section 3 the following results about types A–C.
Proposition 1.3. If g is of type A, then the assumptions of Theorem
1.2 hold for any e.
Proposition 1.4. If g is of type B, then the assumptions of Theorem
1.2 hold for any e which is regular in a Levi subalgebra.
Proposition 1.5. If g is of type C, then the assumptions of Theorem
1.2 hold for any e which is regular in a Levi subalgebra.
Hence Conjecture 1.1 is proved in types A–C. By contrast, suppose
that g is of type D4 and e has Jordan type (3
212) in the natural repre-
sentation on C8. Then e is regular in a Levi subalgebra of type A2, but
we have m2 = 2 and there are no W -invariant polynomials of degree 3,
so condition (1) of Theorem 1.2 cannot be satisfied.
Acknowledgements and historical comments. The main result
of this paper, Theorem 1.2, dates from 1997, when I was a student at
the University of Sydney, supervised by Gus Lehrer. As the reader will
observe, it is indebted to Lehrer’s ideas, and I thank him for his help
and encouragement. I did not publish this result at the time, since
it did not prove the motivating Conjecture 1.1 in general. Recently
Eric Sommers has completed the proof of Conjecture 1.1 by a different
method, and also removed the assumption that e is regular in a Levi
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2. Proof of Theorem 1.2
Continue the notation of the introduction. Let h ⊂ b be a Cartan
subalgebra and Borel subalgebra of g, and let Π ⊂ Φ+ ⊂ Φ be the
corresponding set of simple roots, positive roots, and roots. We identify
W with the subgroup of GL(h) generated by the simple reflections sα
for α ∈ Π; the reflection representation V of W is merely h itself.
Let J ⊆ Π be a subset of size r, and set s = ℓ − r. We have a
Levi subalgebra lJ and parabolic subalgebra pJ containing h and b
respectively, a parabolic subsystem ΦJ of Φ, and a parabolic subgroup
WJ of W . Define
V J =
⋂
α∈J
ker(α) = V WJ .
We write VJ for the unique WJ -invariant complement to V
J in V ,
which is the reflection representation of WJ . Note that dimV
J = s
and dimVJ = r. Let A
J and AJ be the hyperplane arrangements in
V J and VJ respectively induced by the root hyperplanes in V .
We assume for the remainder of the section that
(2.1) e is parabolic of type J ,
meaning that the orbit of e contains the regular nilpotent elements of
lJ . As mentioned in the introduction, Lehrer and Shoji proved in this
case that
(2.2)
∑
j
dim(H2j(Be)⊗ V )
W qj = qm1 + qm2 + · · ·+ qms,
where m1, · · · , ms are the coexponents of the arrangement A
J . (See
[LS, Theorem 2.4]; the missing case in type D is covered by the results
of Spaltenstein [Spa].)
An important special feature of the parabolic case is Lusztig’s In-
duction Theorem for Springer representations.
Theorem 2.1. [Lus] Under the assumption (2.1), the representation
of W on H∗(Be), neglecting the grading, is isomorphic to the induction
IndWWJ (C) of the trivial representation of WJ .
Corollary 2.2. Under the assumption (2.1), we have
dim(H∗(Be)⊗ Λ
∗V )W = 2s,
so the domain and codomain of ψ have the same dimension.
Proof. By Frobenius Reciprocity, we know that
(2.3) dim(IndWWJ (C)⊗ Λ
∗V )W = dim(Λ∗V )WJ .
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From the fact that (Λ∗V )sα = Λ∗(ker(α)) for all α ∈ J one deduces
(Λ∗V )WJ = Λ∗(V J), and the Corollary follows. 
So to prove Theorem 1.2, it suffices to show that the homomorphism
ψ is injective. Since the domain is an exterior algebra, this will follow
if we can show that
(2.4) ψ(Λs((H∗(Be)⊗ V )
W )) 6= 0.
To be more concrete, let v1, · · · , vℓ be a basis of V , and let ci,j ∈
H2mi(Be), for 1 ≤ i ≤ s, 1 ≤ j ≤ ℓ, be such that
n∑
j=1
c1,j ⊗ vj ,
n∑
j=1
c2,j ⊗ vj , · · · ,
n∑
j=1
cs,j ⊗ vj
is a basis of (H∗(Be)⊗V )
W . Then by definition of ψ, (2.4) is equivalent
to the statement that for some sequence 1 ≤ j1 < j2 < · · · < js ≤ n,
(2.5) det


c1,j1 c1,j2 · · · c1,js
c2,j1 c2,j2 · · · c2,js
...
...
. . .
...
cs,j1 cs,j2 · · · cs,js

 6= 0.
To handle such a determinant, we need a better grasp of the cohomol-
ogy ring H∗(Be) in which it lives.
Using the W -equivariant isomorphism of V with its dual, we will
identify the symmetric algebra S∗V with the ring of polynomial func-
tions on V . It is well known that the invariant subring (S∗V )W is
freely generated by ℓ homogeneous polynomials, called fundamental
invariants for W . The coinvariant algebra C∗(W ) of W is the quotient
S∗V/I, where I is the ideal generated by these fundamental invariants.
Now there is a canonical (degree-doubling) W -equivariant algebra
homomorphism S∗V → H∗(B) which identifies H∗(B) with C∗(W ) (see
[Sho, §5]). Composing this with the natural homomorphism H∗(B)→
H∗(Be), we obtain aW -equivariant homomorphism ϕ : S
∗V → H∗(Be)
(see [HS, Theorem 1.1]). Note that the image of ϕ is contained in
the subspace H∗(Be)
A(e) of invariants for the component group of the
centralizer of e in the adjoint group of g; in particular, ϕ is not sur-
jective in general. However, it may happen that the induced map
(S∗V ⊗ V )W → (H∗(Be) ⊗ V )
W is surjective even if ϕ is not. We
will see that this occurs under the assumptions of Theorem 1.2, which
means that a calculation with polynomials on V suffices to prove (2.5).
Henceforth we let K ⊆ Π be a subset satisfying conditions (1) and
(2) of Theorem 1.2. Note that condition (1) entails |K| = s. Choose a
basis v1, v2, · · · , vℓ of V such that v1, · · · , vs is a basis of VK . Since the
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exterior derivative S∗V → S∗V ⊗V : f 7→
∑
∂f
∂vj
⊗vj is W -equivariant,
we have the following s elements of (H∗(Be)⊗ V )
W :
n∑
j=1
ϕ
(
∂f1
∂vj
)
⊗ vj,
n∑
j=1
ϕ
(
∂f2
∂vj
)
⊗ vj, · · · ,
n∑
j=1
ϕ
(
∂fs
∂vj
)
⊗ vj .
We can prove simultaneously that these form a basis of (H∗(Be)⊗V )
W ,
and that (2.5) holds (with ji = i), by proving the single fact that
ϕ(∆) 6= 0, where
∆ = det


∂f1
∂v1
∂f1
∂v2
· · · ∂f1
∂vs
∂f2
∂v1
∂f2
∂v2
· · · ∂f2
∂vs
...
...
. . .
...
∂fs
∂v1
∂fs
∂v2
· · · ∂fs
∂vs

 .
Since v1, · · · , vs span the reflection representation of WK , we have
w∆ = ε(w)∆ for all w ∈ WK . This forces ∆ to be divisible by the
polynomial πK =
∏
β∈Φ+
K
β. Condition (1) tells us that on restricting
to VK , ∆ becomes the Jacobian matrix of the fundamental invariants
of WK , which is well known to be a nonzero scalar multiple of the re-
striction to VK of πK (see [Ste]). So ∆ is a nonzero scalar multiple of
πK , and it suffices to prove that ϕ(πK) 6= 0.
By condition (2), we may suppose that e lies in the nilradical of pK .
Then any Borel subalgebra contained in pK must contain e, so we have
an inclusion BK →֒ Be, where B
K denotes the variety of Borel subalge-
bras contained in pK , which can be identified with the flag variety of
lK . Hence it suffices to prove that πK is not in the kernel of the compo-
sition S∗V → H∗(B)→ H∗(BK). But this composition is the canonical
homomorphism identifying C∗(WK) with H
∗(BK), which maps πK to
a generator of the top-degree cohomology of BK (see [HS, Proposition
1.4], which uses exactly this argument in the case when e lies in the
Richardson orbit of pK). This completes the proof of Theorem 1.2.
3. Proofs of Propositions 1.3–1.5
Proof of Proposition 1.3. In type A, we have g = slℓ+1 and W = Sℓ+1.
The simple roots are given by αi = xi−xi+1, where x1, · · · , xℓ+1 denote
coordinate functions on V which are permuted byW , and which satisfy
x1 + · · ·+ xℓ+1 = 0. The orbit of the nilpotent e is determined by its
Jordan type λ, which can be an arbitrary partition of ℓ+1: the element
e is then automatically parabolic of type
J = Π \ {αλ1+λ2+···+λi | 1 ≤ i < ℓ(λ)}, so r = ℓ− ℓ(λ)+ 1, s = ℓ(λ)− 1.
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In this case, AJ is an arrangement of type As, somi = i for i = 1, · · · , s.
We define fi to be the usual Sℓ+1-invariant polynomial of degree i+ 1,
namely the (i+1)th elementary symmetric polynomial in x1, · · · , xℓ+1.
Let
K = {αr+1, αr+2, · · · , αℓ}.
Then VK is defined by the equations xi = 0 for all i ≤ r, so the re-
strictions of the fi’s to VK are the elementary symmetric polynomials
in xr+1, · · · , xℓ+1, and condition (1) is satisfied. With this K, condi-
tion (2) amounts to saying that there is a partial flag in the natural
representation,
0 = U0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Ur ⊂ C
ℓ+1,
such that eUi ⊆ Ui−1 and dimUi = i for all i ≥ 1, and e(C
ℓ+1) ⊆ Ur.
This is true: we can take Ur = e(C
ℓ+1), and then let U1 ⊂ · · · ⊂ Ur be
any e-stable complete flag in Ur. ✷
Proof of Proposition 1.4. In type B, we have g = o2ℓ+1. The simple
roots are given by αi = xi − xi+1 for i ≤ ℓ − 1 and αℓ = xℓ, where
x1, · · · , xℓ denote coordinate functions on V which are permuted up
to sign by W . We are assuming that e is parabolic of type J , for
some subset J ⊆ Π. There is some nonnegative integer m ≤ ℓ and
composition λ of ℓ−m such that
J = Π \ {αλ1+λ2+···+λi | 1 ≤ i ≤ ℓ(λ)}, so r = ℓ− ℓ(λ), s = ℓ(λ).
The orbit containing the regular nilpotents in lJ consists of those whose
Jordan type in the natural representation C2ℓ+1 is the partition ob-
tained by rearranging λ1, λ1, λ2, λ2, · · · , λs, λs, 2m + 1. Grouping the
Jordan blocks together as appropriate, we get a direct sum decompo-
sition C2ℓ+1 = U ⊕ U ′ ⊕ U ′′ where U and U ′ are (ℓ −m)-dimensional
e-stable isotropic subspaces on each of which the Jordan type of e is
the partition obtained by rearranging λ, U ′′ is a (2m+ 1)-dimensional
e-stable subspace on which e has a single Jordan block, and U ′′ is per-
pendicular to U ⊕ U ′ for the nondegenerate symmetric form.
The arrangement AJ is of type Bs, somi = 2i−1 for i = 1, · · · , s. We
define fi to be the usual W -invariant polynomial of degree 2i, namely
the ith elementary symmetric polynomial in x21, · · · , x
2
ℓ . Let
K = {αr+1, αr+2, · · · , αℓ}.
Then VK is defined by the equations xi = 0 for i ≤ r, so the restric-
tions of the fi’s to VK are the elementary symmetric polynomials in
x2r+1, · · · , x
2
ℓ , and condition (1) is satisfied. With this K, condition (2)
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amounts to saying that there is an isotropic partial flag in the natural
representation,
0 = U0 ⊂ U1 ⊂ · · · ⊂ Ur ⊂ C
2ℓ+1,
such that eUi ⊆ Ui−1 and dimUi = i for all i ≥ 1, and e(U
⊥
r ) ⊆ Ur. This
is true: if we define Ur to be e(U)⊕U
′′′ where U ′′′ is the unique e-stable
m-dimensional subspace of U ′′, then U⊥r = U ⊕ ker(e|U ′)⊕ e
−1(U ′′′), so
e(U⊥r ) = Ur. We can then let U1 ⊂ · · · ⊂ Ur be any e-stable complete
flag in Ur. ✷
Proof of Proposition 1.5. In type C, we have g = sp2ℓ with natural
representation C2ℓ; the description of the simple roots is the same as
in type B, except that αℓ = 2xℓ. The proof is identical to that of
Proposition 1.4, but with the dimension of U ′′ (which equals the size
of a Jordan block of e) changed from 2m+ 1 to 2m, so in the last step
one has U⊥r = U ⊕ ker(e|U ′)⊕ U
′′′, still implying e(U⊥r ) ⊆ Ur. ✷
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